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In this paper, we apply three diagnostics including Om, Statefinder hierarchy and the growth rate
of perturbations into discriminating the two parametric models for the effective pressure with the
ΛCDM model. By using the Om diagnostic, we find that both the model 1 and the model 2 can
be hardly distinguished from each other as well as the ΛCDM model in terms of 68% confidence
level. As a supplement, by using the Statefinder hierarchy diagnostics and the growth rate of
perturbations, we discover that not only can our two parametric models be well distinguished from
ΛCDM model, but also, by comparing with Om diagnostic, the model 1 and the model 2 can be
distinguished better from each other. In addition, we also explore the fate of universe evolution of
our two models by means of the rip analysis.
I. INTRODUCTION
Since the Type Ia supernovae observation in 1998 indicates that the current universe is in the phase of accelerated
expansion, increasing amounts of observations verify this surprisingly exotic phenomenon [1, 2]. In order to accom-
modate this phenomenon, various models as dark energy are proposed. The basic idea of dark energy comes up in the
context of supposing the general theory of relativity works precisely well at the cosmological scales, a perfect fluid with
effectively large enough negative pressure is required to accelerate the universe expansion. According to the Planck’s
result [3], vacuum occupies about 70% of the total energy density of our universe. Up to now, many attempts have
been made to understand the dynamics of dark energy, among which a spatially flat ΛCDM cosmology model specified
by six parameters (we will refer to as the basic model) gets the best accordance with the astronomical observations
though suffering from some serious fundamental physics problems. It is still worth mentioning that recent Planck
results is statistically consistent with the basic assumption of the ΛCDM model. But theoretical difficulties in the
ΛCDM model is not alleviated by the newest observations. Based on this concern, we proposed two parametric models
for the total pressure to explore the universe at the late-time evolution stage in our previous work [4]. In order to
understand the evolutionary history of the two models more clearly, in this paper we are aimed at discriminating these
two models and ΛCDM model by using the Om diagnostic [5], the Statefinder hierarchy [6–8] and the growth rate of
perturbations [9, 10]. Moreover, we also investigate the fates of universe of these two models via the rip analysis and
find the model 2 have the possibility that the universe will terminate after approximate 1011 years.
This paper is organized as follows: in section II, we briefly review our two parametric models—model 1 and model
2. In Section III, we review the Om diagnostic, Statefinder hierarchy and the growth rate of perturbations, and use
these three geometrical diagnostics to distinguish the model 1 and the model 2 from the ΛCDM model. In Section
IV, we discuss the fate of universe evolution of our two models by means of the rip analysis. In Section V, We end
the paper with discussions and conclusions.
II. A BRIEF REVIEW OF TWO PARAMETRIC MODELS FOR THE TOTAL PRESSURE
Model 1: model 1 is written as
P (z) = Pa + Pbz, (1)
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2where Pa, Pb are model parameters.
Consider the relation between the scale factor a and the redshift z:
a =
a0
1 + z
=
1
1 + z
, (2)
where z is the redshift. Substitute Eqs. (1)and (2) to energy conservation equation ρ˙+ 3H(P + ρ) = 0, we can obtain
the expression of the total energy density
ρ(a) = −(Pa − Pb)− 3
2
Pba
−1 + C1a−3, (3)
where C1 is an integration constant and C1a
−3 corresponds to the dust matter, set the total energy density ρ0 today,
then we have C1 = ρ0 + Pa +
1
2Pb. Following [4], rewrite the expressions of total density Eq. (3) and total pressure
Eq. (1)
ρ(a) = ρ0[α+ βa
−1 + (1− α− β)a−3], (4)
P (a) = ρ0(−α− 2
3
βa−1). (5)
Here the parameters (Pa, Pb) are replaced by the new dimensionless parameters (α, β), where α ≡ −Pa−Pbρ0 and
β ≡ − 32 Pbρ0 . The equation of state (EoS) of dark energy and the dimensionless Hubble parameter are given by,
respectively
ωde = −1 +
1
3β(1 + z)
α+ β(1 + z)
, (6)
E(z) =
H(z)
H0
= [α+ β(1 + z) + (1− α− β)(1 + z)3] 12 . (7)
From Eq. (6), we can see in the scenario of quintessence β > 0, and that in the scenario of phantom β < 0. The
best-fit values of parameters we take are: α = 0.770931, β = −0.057783.
Model 2: model 2 is given by
P (z) = Pc +
Pd
1 + z
, (8)
where Pc, Pd are model parameters. Substitute Eqs. (2) and (8) to energy conservation equation, one can obtain the
expression for the total energy density for model 2:
ρ(a) = −Pc − 3
4
Pda+ C2a
−3, (9)
where C2 is the integration constant and C2a
−3 corresponds to dust matter. Set the present energy density ρ0, we
have C2 = ρ0 + Pc +
3
4Pd. Replace the parameters (Pc, Pd) with the new dimensionless parameters (γ, δ), then the
expressions of the total density Eq. (9) and total pressure Eq. (8) can be rewritten as
ρ(a) = ρ0[γ + δa+ (1− γ − δ)a−3], (10)
P (a) = ρ0(−γ − 4
3
δa), (11)
where γ ≡ −Pcρ0 and δ ≡ − 34 Pdρ0 . The EoS of dark energy and the dimensionless Hubble parameter take the form,
respectively
ωde = −1−
1
3δ(1 + z)
−1
γ + δ(1 + z)−1
, (12)
E(z) = [γ + δ(1 + z)−1 + (1− γ − δ)(1 + z)3] 12 . (13)
From Eq. (12), we can see in the scenario of quintessence δ < 0, and that in the scenario of phantom δ > 0. The
best-fit values of parameters we take are: γ = 0.634812, δ = 0.078687.
3III. DISCRIMINATIONS BY THE STATEFINDER HIERARCHY AND Om(z) DIAGNOSTIC
A. Om diagnostic
The Om diagnostic is an effective method to distinguish dark energy models [5], which has been used to distinguish
ΛCDM with quintessence [5], phantom [5], PKK [11], holographic dark energy [12] and SRDE [13] in the literature.
Om is defined as follows
Om(x) =
E2(x)− 1
x3 − 1 , (14)
where x = 1 + z, E(x) = H(x)H0 . Ignoring the radiation at low redshift, for ΛCDM, we have
E2(x) = Ωm0x
3 + (1− Ωm0). (15)
Substitute Eq. (15) to Eq. (14), we have
Om(x) |ΛCDM= Ωm0. (16)
From Eq. (16), we can see that Om diagnostic provides a null test of ΛCDM, as for other dark energy models Om
is expected to give different results. Next, we will use Om diagnostic to distinguish our two models from ΛCDM.
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FIG. 1: The Om diagnostic is shown for model 1, model 2 and ΛCDM model. The solid lines (red and blue) correspond to the
best fitting values of model 1 and model 2. The red dashed lines and blue dashed lines represent the 68% confidence level of
model 1 and model 2, respectively. The horizontal black dashed line corresponds to the ΛCDM model.
In Fig. (1), we plot the evolutional trajectories of our two models and ΛCDM model. We can see that, the
trajectories of the best fitting values of model 1 and model 2 can be distinguished from ΛCDM model very well at
low redshift, but they can not be distinguished from ΛCDM at high redshift where the matter dominates, in addition,
model 1 and model 2 can be hardly distinguished from each other in terms of 68% confidence level. Therefore, we
will adopt Statefinder hierarchy and the growth rate of perturbations in order to discriminate the two models better.
B. Statefinder Hierarchy
With the increasing of dark energy models, how to discriminate various dark energy models becomes more and more
important and meaningful. So, given this, Sahni et al. [6] proposed a geometrical diagnostic called statefinder defined
by geometric parameters (r, s) to discriminate different dark energy models, such as ΛCDM, quintessence [14–16],
GSG [16–18], DGP [19, 20], Galileon-modified gravity [20, 21], purely kinetic k-essence model(PKK) [11],holographic
dark energy [12, 22], Ricci Dark Energy model [23], Agegraphic Dark Energy Model [24], quintom dark energy
model [25] and spatial Ricci scalar dark energy(SRDE) [13].The geometric parameters (r, s) are defined as [6, 7]
r ≡ a
···
aH3
, (17)
4s ≡ r − 1
3(q − 12 )
, (18)
where q ≡ − a¨aH2 is the deceleration parameter. From Eqs. (17) and (18), we can see parameters (r, s) are just
associated with the scale factor a and its higher derivatives. Different dark energy models correspond to different
trajectories in r-s plain, ΛCDM model corresponds to the fixed point (r, s) = (1, 0). Later Arabaslmani and Sahni
improved a new diagnostic called “statefinder hierarchy” based on statefinders, all members of statefinder hierarchy
can be expressed as functions of the deceleration parameter q or the matter energy density parameter Ωm. Around
the present time t0 through Taylor expansion, the scale factor a(t) can be written as
a(t)
a0
= 1 +
∞∑
n=0
An(t0)
n!
[H0(t− t0)]n, (19)
where
An =
a(n)
aHn
, (20)
where a(n) = d
na
dtn . For ΛCDM model in a FRLW background, we have
A2 = 1− 3
2
Ωm, (21)
A3 = 1, (22)
A4 = 1− 3
2
2
Ωm, (23)
A5 = 1 + 3Ωm +
33
2
Ω2m. (24)
For ΛCDM model, we have Ωm =
2
3 (1 + q). Statefinder hierarchy Sn is defined as [8]
S2 = A2 +
3
2
Ωm, (25)
S3 = A3, (26)
S4 = A4 +
32
2
Ωm, (27)
S5 = A5 − 3Ωm − 3
3
2
Ω2m, ... (28)
Above equations define a null test diagnostic for ΛCDM [8],
Sn |ΛCDM= 1. (29)
When n ≥ 3, one can define a new null test diagnostic for ΛCDM [8]
S
(1)
3 = S3, (30)
S
(1)
4 = A4 + 3(1 + q), (31)
S
(1)
5 = A5 − 2(4 + 3q)(1 + q), ... (32)
This series of Statefinders for ΛCDM are invariable during the evolution of the universe [8]
S(1)n |ΛCDM= 1. (33)
One can construct a second member of the Statefinders on the basis of S
(1)
n [8]:
S(2)n =
S
(1)
n − 1
3(q − 12 )
. (34)
5For ΛCDM, we have [8]
S(2)n |ΛCDM= 0. (35)
So corresponding to the diagnostic plains Sn−S(1)n , Sn−S(2)n , S(1)n −S(2)n , for ΛCDM one have {Sn, S(1)n } = {1, 1},
{Sn, S(2)n } = {1, 0}, {S(1)n , S(2)n } = {1, 0}. For dynamical dark energy models, Eqs. (33)and (35) will be broken.
Now we will use the Statefinder hierarchy to discriminate our two parametric models from ΛCDM. Write down the
deceleration parameterq, A3, A4, A5
q = (1 + z)
1
E
dE
dz
− 1, (36)
A3 = (1 + z)
1
E2
d[E2(1 + q)]
dz
− 3q − 2, (37)
A4 = −(1 + z) 1
E3
d[E3(2 + 3q +A3)]
dz
+ 4A3 + 3q(q + 4) + 6, (38)
A5 = −(1 + z) 1
E4
d[E4(A4 − 4A3 − 3q(q + 4)− 6)]
dz
+ 5A4 − 10A3(q + 2)− 30q(q + 2)− 24. (39)
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FIG. 2: The Statefinder {S(1)3 , S(1)4 } are shown for model 1, model 2 and ΛCDM model. The trajectories of model 1 and model
2 correspond to red line and blue line, respectively. The fixed point {1, 1} represents the ΛCDM model. The present epoch in
different models is shown as a dot and the arrows indicate the evolutional direction with respect to time.
{S(1)3 , S(1)4 } is an often-used Statefinder, in [8] it was used for distinguishing CG, DPG, ωCDM and ΛCDM, also
in [26] it was used for distinguishing GCG, MCG, SCG, PKK and ΛCDM. Using the diagnostic {S(1)3 , S(1)4 } to
distinguish two parametric models and ΛCDM, as shown in Fig. (2), we can find that model 1 and model 2 can be
well distinguished from ΛCDM at the present epoch, consequently and in the future. Moreover, it is worth noting that,
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FIG. 3: The Statefinder {S4, S(2)4 } are shown for model 1, model 2 and ΛCDM model. The trajectories of model 1 and model
2 correspond to red line and blue line, respectively. The fixed point {1, 1} represents the ΛCDM model. The present epoch in
different models is shown as a dot and the arrows indicate the evolutional direction with respect to time.
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FIG. 4: The Statefinder {S(1)5 , S(2)5 } are shown for model 1, model 2 and ΛCDM model. The trajectories of model 1 and model
2 correspond to red line and blue line, respectively. The fixed point {1, 1} represents the ΛCDM model. The present epoch in
different models is shown as a dot and the arrows indicate the evolutional direction with respect to time.
at the present epoch model 1 and model 2 correspond to the points {1.058, 0.977} and {1.157, 1.253}, respectively.
Furthermore, one can obtain the conclusion that model 1 will evolve into a de-sitter universe in the end and model 2
will gradually deviate from the stand cosmological model.
In the plains of Statefinder {S4, S(2)4 } and {S(1)5 , S(2)5 } , one can easily find that the two models are both well
distinguishable from ΛCDM. At the same time, we can get the same result as the Statefinder {S(1)3 , S(1)4 } that the
evolutional trajectories of model 1 and model 2 can be well distinguished. Interestingly, one could discover that in this
case, the trajectories of two models will have an unexpected overlap, which means that the universes corresponding
to the two models will share the same phase at different times in the past.
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FIG. 5: The simply composite null diagnostic {(z), S(1)3 } is shown for model 1, model 2 and ΛCDM model. The fixed point
{1,1} represents the ΛCDM model and the arrows indicate the evolutional direction with respect to time. The trajectories of
model 1 and model 2 correspond to red line and blue line, respectively. One can easily discover that the two models can be
well distinguished at the low redshift, consequently at the present epoch and in the far future.
C. The growth rate of perturbations
In the following context, we adopt the fractional growth parameter as a supplement for the statefinders [9, 10]
(z) =
f(z)
fΛCDM (z)
, (40)
where f(z) ≈ Ωm(z)γ reflects the growth rate of linearized density perturbations [27] and
γ(z) =
3
5− ω1−ω
+
3
125
(1− ω)(1− 1.5ω)
(1− 1.2ω)3 [1− Ωm(z)] +O[(1− Ωm(z))]
2. (41)
In general, one can only calculate the former two terms to obtain a good approximation for a concrete physical dark
energy model. For an instance, γ ≈ 0.55 in the standard cosmological model [27, 29]. However, in the case of extended
theories of gravity (ETG), the situation will be different since in ETG, the perturbation growth contains information
which is complementary to that contained in the expansion history (see Ref. [28]).
For the above-mentioned reason, combining the statefinders with the fractional growth parameter, one can conve-
niently define a simply composite null diagnostic (SCND), namely, {(z), S(1)3 }, where the fixed point {1,1} corresponds
to the ΛCDM model. From Fig. (5), one can apparently discover that model 1 and model 2 are well distinguished
by the SCND at the present epoch, consequently and in the far future. Similarly, we can see that from Fig. 5, the
trajectory of model 1 share two same points with that of model 2 at different times, which implies that there appear
to be a more fundamental model based our previous models.
IV. RIP ANALYSIS
From the conservation equation ρ˙ = −3H(ρ+P ), we know in the physical scenario of phantom field the EoS of dark
energy ωde < −1, which means that the energy density will increase in the future. Subsequently [30], the possible
fates of the universe can be divided into several categories based on the time asymptotics of the Hubble parameter
8H(t): the big rip, for which H(t) → ∞ at finite time; the little rip, for which H(t) → ∞ as time goes to infinity;
and the pseudo-rip, for which H(t) → constant, as time goes to infinity which is an intermediate case between the
de-Sitter cosmology and the little rip. In this section we will show the fates of model 1 and model 2 in the physical
scenario of phantom field.
For model 1, substitute Eq. (4) to the Friedmann equation
H2 =
8piG
3
ρ0[α+ βa
−1 + (1− α− β)a−3]. (42)
In the above equation, we can find in the future term “ 8piG3 ρ0α” will dominate the right hand side of the equation,
that means H(t)→ constant as time goes to infinity; namely, there exists a pseudo-rip for model 1 in the future.
For model 2, substitute Eq. (10) to the Friedmann equation
H2 =
8piG
3
ρ0[γ + δa+ (1− γ − δ)a−3]. (43)
In above equation, we can find in the future term“ 8piG3 ρ0δa” will dominate the right side of the equation in the case
of δ > 0, so Eq. (43) can be simplified as
a˙
a
= (
8piGρ0δ
3
)
1
2 a
1
2 . (44)
Solve the differential equation (44), we can obtain the scale factor a as a function of time t
a =
4
[2−N(t− t0)]2 , (45)
with
N = (
8piGρ0δ
3
)
1
2 , (46)
where t0 is the present value of time. Substitute Eq. (45) to Eq. (44), we get
H(t) =
2N
2−N(t− t0) . (47)
Note at a finite time trip =
2
N + t0, the Hubble parameter H → ∞, this is to say the universe runs into a big rip.
Here we choose t0 = 0,so the finite time trip =
2
N . Using Friedmann equation H0 = (
8piG
3 ρ0)
1
2 , the Eq. (46) can be
written as N = H0(δ)
1
2 , we get
trip =
2
H0(δ)
1
2
, (48)
where H0 = 67.8 from Recent observations. It is easy to see the finite time just relate to parameter δ. We can read
from [4] that σ standard deviation of δ is 0.120. In the scenario of phantom, δ can take the value from 0 to 0.199.
Due to the propagation of error, we get trip = 1.028
+0.784
−0.514 × 1011. This means that trip will shift significantly even if
δ only varies a little. By the previous deduction, our universe will terminate after 1011 years.
V. CONCLUSIONS
In this paper, at first, we have used the Om diagnostic to discriminate two parametric models for the total pressure
and ΛCDM model, and get the conclusion that the two models can be hardly distinguished from each other as well
as the ΛCDM model in terms of 68% confidence range.
In the second place, we have applied the Statefinder hierarchy and the growth rate of perturbations into discriminat-
ing the two models with the ΛCDM model. The results indicate that our two parametric models can be distinguished
from the ΛCDM model, and in comparison to the Om diagnostic, model 1 and model 2 can be distinguished from
each other better. Interestingly, we discover that through these three geometrical diagnostics, there may exist a more
fundamental model based our previous models.
9At last, we investigate the fates of universe evolution of our two models by means of the rip analysis. In model 1,
we find that there exits a pseudo-rip in the future, which means the behavior of model 1 tends to a de-sitter universe
in the future. In model 2, we find that the universe will runs into a big rip at a finite time t = trip = 1.028
+0.784
−0.514×1011
in the scenario of phantom, we guess that with the growth of the energy density near to rip the effects of quantum
gravity (string/M-theory) may become dominant to keep away from the doomsday. The attractive work in the future
could be to consider the astrophysical scales effects of our models, by assuming that the dark energy is permeated
everywhere in the universe.
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